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INTRODUCTION 
Let R be a ring with Jacobson radical J. Bass [ 1 ] called R semi-perfect 
if the factor ring R/J is semi-simple Artinian and every idempotent of R/J 
can be lifted to an idempotent of R. He showed that R is semi-perfect if and 
only if every cyclic left R-module has a projective cover and also that this 
so (if and) only if every finitely generated left R-module has a projective 
cover. The concept of semi-perfect rings has since then been generalized in 
two directions: to semi-perfect modules by Mares [3] and to F-semi- 
perfect rings by Oberst and Schneider [6]. A left R-module is called a 
semi-perfect module if it is projective and every homomorphic image of it 
has a projective cover. Thus trivially R is a semi-perfect ring if and only if 
R is semi-perfect as a left R-module, and every finitely generated projective 
left module over a semi-perfect ring is semi-perfect. The following charac- 
terization was obtained: a projective left R-module P is semi-perfect if and 
only if JP is small in P, the factor module P/JP is completely reducible 
(=semi-simple), and every direct decomposition of P/JP can be lifted to 
that of P. On the other hand, a ring R is defined to be F-semi-perfect if the 
factor ring R/J is a regular ring (in the sence of von Neumann) and every 
idempotent of R/J can be lifted to an idempotent of R. It was proved that 
the F-semi-perfectness of R is equivalent to either of the following 
conditions: (a) every factor module R/Ra has a projective cover for a in R, 
or (b) every finitely presented left R-module has a projective cover. 
We attempt in this paper to generalize the concept of F-semi-perfect 
rings to modules along the line from semi-perfect rings to semi-perfect 
modules. Namely we call a left R-module P an F-semi-perfect module if B 
is projective and if, for every endomorphism s of P, the factor module P/Ps 
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( =Coker s) has a projective cover. Thus R is an F-semi-perfect ring if and 
only if R is F-semi-perfect as a left R-module, while every semi-perfect 
module is F-semi-perfect. Our main result is that for a projective left 
R-module P the following conditions are equivalent: (1) P is F-semi- 
perfect; (2) the endomorphism ring of P is F-semi-perfect; and (3) JP is 
small in P, every submodule of the factor module P/JP is a direct 
summand of P/JP whenever it is a homomorphic image of P, and every 
direct decomposition of PIJP can be lifted to one of P. Now the above 
mentioned condition (b) implies that if R is an F-semi-perfect ring then 
every finitely generated projective left R-module is F-semi-perfect. This is 
however not true for infinitely generated projective modules in general. In 
fact, we can see that if a free left module with an infinite free basis over a 
ring R is F-semi-perfect hen R is necessarily a left perfect ring, that is, 
every left R-module has a projective cover. 
1. COMPLEMENTS AND F-SEMI-PERFECT RINGS 
Let P and M be left R-modules. Let f: P + M be an epimorphism. f is 
called minimal (or wesentlich) if no proper submodule of P is mapped onto 
M by f, or equivalently, if the kernel off is small in P. Let N be another 
left R-module and g : M + N a homomorphism. Then it is easy to see that 
g of: P -+ N is a minimal epimorphism if and only if both f and g are 
minimal epimorphisms (observe that f is assumed epimorphic). If P is 
projective and has a minimal epimorphism f: P -+ M then we say that P is 
a projective cover of M (with respect to f ). 
Let U and V be submodules of a module P such that U + V= P. Let f 
be the natural epimorphism P -+ P/U. Then the restriction off to V is also 
an epimorphism V -+ P/U. We call V a complement of U (in P) if the 
restriction is minimal, i.e., if no proper submodule V’ of V satisfies 
U + v’ = P. Since the kernel of the restriction is U n V, this is equivalent to 
the condition that Un V is small in K Let V be a complement of U, and 
assume that V has a complement W. Then it follows that V is a comple- 
ment of W. For, let v’ be a submodule of V such that v’ + W= P. Then 
we have V= V’+(Vn W), whence P= U-k V= U+ V’+(Vn W). Since 
W is a complement of V, Vn W is small in W whence small in P. Thus we 
have P = U + V’. Since V is a complement of U, it follows that V = V’. 
PROPOSITION 1.1. Let U be a submodule of a module P such that P/U 
has a projective cover (2. Then 
(i) U has a complement in P, and every complement of U is a 
homomorphic image of Q. 
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(ii) If V is a submodule of P such that U-t- V= P then V contains a 
complement of U in P. 
Proof. Let f: P -+ P/U be the natural epimorphism and g: Q -+ P/U a 
minimal epimorphism. Suppose I/ is a submodule of P such that 
U+ V= P. Then the restriction off to V is an epimorphism V-+ P/U. Since 
Q is projective, there exists a homomorphism h: Q -+ V such that fob = g. 
Since g is a minimal epimorphism, it follows that the restriction off to the 
homomorphic image h(Q) of Q by h is also a minimal epimorphism, so 
h(Q) is a complement of U in P. This proves (ii). If we take V= P then we 
have the first half of (i), while if we assume that V is a complement of U 
then we have clearly V= h(Q), which implies the second half of (i). 
PROPOSITION 1.2. Let P be a projective module, and let P = U-k V with 
a direct summand U of P and a submodule V of P. Then there exists a 
submodule U’ of V such that P = U @ U’. 
Proof. Let W be a submodule of P such that P = U@ W, and let 
f: P --+ W be the projection onto W with respect to this decomposition. 
Then U = Ker(f), and the restriction off to V is an epimorphism V -+ W. 
Since W is projective as a direct summand of P, the epimorphism splits, i.e., 
there exists a submodule U’ of V such that U’ is mapped isomorphically 
onto W by f. This implies that P = U @ U’. 
COROLLARY 1.3. Let P be a projective module, and let U be a direct 
summand of P and V a submodule of P. Then V is a complement of U if and 
only tfP= UQ V. 
PROPOSITION 1.4. Let P be a projective module and U a submodule of P. 
Then the following conditions are equivalent: 
(1) P/U has a projective cover. 
(2) U has a complement which is projective, 
(3) U has a complement which is a direct summand of P. 
(4) U has a complement which has also a complement. 
Proof. Assume (1). Let Q be a projective cover of P/U with respect to 
a minimal epimorphism g : Q --f P/U. Since P is projective, the natural 
epimorphism f: P -+ P/U is factored as f = g o h with a homomorphism 
h: P --$ Q. Since g(h(P)) = f(P) = P/U and g is minimal, it follows that 
h(P) = Q. Since Q is projective, the epimorphism h: P -+ Q must split, i.e., 
there exists a submodule Y of P such that V is mapped isomorphically onto 
Q by h. Therefore V is a direct summand of P and a complement of 6: 
because the restriction off to V is a product of the isomorphism V -+ Q 
and the minimal epimorphism g: Q + P/U. Thus we have (1) Z. (3). 
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(3) * (2) is trivial, because every direct summand of the projective 
module P is projective; also, (3) + (4) is trivial, because V@ V’ = P implies 
that V’ is a complement of V. 
Suppose U has a complement V. Then the restriction of the natural 
epimorphism P + P/U to V gives a minimal epimorphism V--f P/U. There- 
fore if V is projective then V becomes a projective cover of P/U, which 
shows (2) =c+ (1). On the other hand, if V has a complement W then by [6, 
Lemma 1.1 (Kasch-Mares’ theorem)] it follows that P = V@ W and so V 
is a projective cover of P/U. Thus (4) * (1) is proved. 
Let R be a ring and R= R/J the factor ring modulo the Jacobson radical 
J. For each a E R and each left ideal L of R, we denote by 5 and E the 
images of a and L, respectively, under the natural epimorphism R -+ i?. 
LEMMA 1.5. Let L be a left ideal and K a direct summand left ideal of 
R. Then I@ a = i? if and only if K is a complement of L in R. 
Proo$ Since J is a small left ideal of R, we know that K is a comple- 
ment of L if and only if K is complement of L + J, i.e., L + K+ J= R and 
(L + J) n K is small in K. The first condition is equivalent to E + R= i?, 
while the second condition is equivalent to (L + J) n Kc J, i.e., Z n R= 0, 
because, since K= Re with an idempotent e, Kn J= Je is small in K. 
LEMMA 1.6. Let a E R be such that ii is idempotent and the left factor 
module R/Ra has a projective cover. Then 2 can be lifted to an idempotent 
in Ra. 
ProoJ: Since R/Ra has a projective cover, Ra has a complement K 
which is a direct summand left ideal by Proposition 1.4. By Lemma 1.5 it 
follows that RG @ i? = i?. On the other hand, by Proposition 1.2 there exists 
a left ideal L of R such that L c Ra and L @ K = R. Since then L c & and 
E+ R= i?, it follows that L= &i. Since L is a direct summand left ideal, 
there exists an idempotent f of R such that L = Rf and so Rf= &. Since 
f and G are idempotent, this implies that $5 =f and tiff= 5. Let now 
e=f-(1-f)afELcRa. Then we havefe=f and ef=e, which implies 
not only that Re= Rf but also that e2 = e. Moreover, we have 
Z=f--(i-f)Lr,f=f--(i-f)G=f-a-fii=ii. Thus the idempotent e is 
a lifting of the idempotent 5 E R such that e E Ra. 
Now a ring R is called F-semi-perfect if i? = R/J is a regular ring (in the 
sence of von Neumann) and every idempotent of R can be lifted to an 
idempotent of R. We prove the following proposition, which is a modified 
form of [6, Satz 1.21 for later use: 
PROPOSITION 1.7. For a ring R the following conditions are equivalent: 
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(1) R is F-semi-perfect. 
(2) For every a E R the kft factor module RjRa has a projective cover. 
(3) For every a E R the left ideal Ra has a complement in R. 
ProoJ: (2) + (3) follows immediately from Proposition M(i). 
Let L be a left ideal of R, and suppose that L has a complement K in 
R. Since R = L + K, we have 1 = a + b for some a EL, b E K. It follows then 
R = L % Rb. Therefore we have Rb = K, since RB c K and X is a comple- 
ment of L. Thus every complement is a principal left ideal. Assume now 
(3). Let a E R. Then Ra has a complement, which is necessarily a principal 
left ideal, say Rb. But Rb also has a complement by assumption. Therefore, 
by Proposition 1.4, R/Ra has a projective cover. This proves (3) * (2). 
Assume next (1). Let a E R. Since i? is regular, the left ideal 85 of a is 
generated by an idempotent of i?, which can by assumption be lifted to an 
idempotent e of R. If we put e’ = 1 -e, e’ is also an idempotent and we 
have the decomposition R = i&O RI?‘. Since Rti = i&, it follows that 
R = Ra Q RF’. Since Re’ is a direct summand left ideal, this implies that Re’ 
is a complement of Ra by Lemma 1.5. Thus we have (1) * (3). 
Finally assume (2). Let a E R. Then Ra has a complement K which is a 
direct summand left ideal of R by Proposition 1.4. Therefore it follows from 
Lemma 1.5 that & @ i?= R. This shows that R is a regular ring. Moreover 
it follows from Lemma 1.6 that every idempotent of a can be lifted to an 
idempotent of R. This proves (2) + (1). 
2. F-SEMI-PERFECT MODULES 
In this section we assume that P is a non-zero projective left module over 
a ring R. We denote by S the endomorphism ring of P, which we regard 
as a right operator ring of P; thus, for any endomorphisms  and t, st 
means t o s. We denote by J(S) the Jacobson radical of S. 
LEMMA 2.1. Let P be projective, and let s, t be in S. Then Pt c Ps f and 
only if St c Ss. 
Proox Suppose that Pt c Ps. This means that t can be regarded as a 
homomorphism P -+ Ps. Since s: P --+ Ps is an epimorphism and P is 
projective, there exists an endomorphism z: P -+ P such that zs = t. Thus 
we have St c Ss. Conversely, if St c Ss then Pt = PSt c PSs = Ps. 
Let I/ be a submodule of P. Define 6= Hom,(P, U), the set of those 
endomorphisms E S for which Ps c U. Then clearly U is a left ideal of S 
and satisfies Pr^ic U. Conversely, let L be a left ideal of S. Then PL is. a 
submodule of P and satisfies L c fi. Let us call a submodule U of P a 
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principal submodule of P if it is a homomorphic image of P, i.e., U = Ps for 
some s E S. If this is the case, it follows from Lemma 2.1 that 6= Ss and 
so PO= Ps = U. On the other hand, if L is a principal left ideal of S, i.e., 
L=Ss for some SE& then PL= Ps and we have P-L= Ss= L by 
Lemma 2.1 again. Thus principal submodules U of P and principal left 
ideals L of S correspond one-to-one under the mappings U I--, 0 and 
L t-+ PL. The same holds for direct summands of P and direct summand 
left ideals of S, since a submodule U of P is a direct summand if and only 
if U = Pu for some idempotent u ES and the similar is true for direct 
summand left ideals of S. 
LEMMA 2.2. Let U and V be submodules of a projective module P. Then 
P=U+VifandonlyifS=~‘+f. 
ProoJ: Suppose that P= U + V. Let f: U + U/(Un V) and g: P--t P/V 
be the natural epimorphisms and h : P/V+ U/( Un V) be the natural 
isomorphism. Since P is projective, there exists a homomorphism s: P + U 
such that f 0 s = h 0 g. Let x E P. Then f(s(x)) = f(xs) = xs + (U n V). On 
the other hand, since P = U + V, x E x’(mod V) for some x’ E U. We have 
then g(x) = g(x’) = x’ + V, and so h(g(x)) = x’ + (U n V). These imply that 
xs G x’ (mod U n V) whence xs= x’ (mod V). Thus we have x - xs 
(mod V), i.e., x(1 -s) =x - xs E V. This is true for all x E P and so we 
know that 1 -s E l? Since Ps c U, whence s E 0, 1 = s + (1 - s) implies that 
s=oi+J? 
Suppose conversely that S= o+ l? Then we have P= PO-I- Pp Since 
however P~c U and PPc V, it follows that P= U+ V. 
From Lemmas 2.1 and 2.2 we derive the following, which was originally 
obtained by F. L. Sandomierski (see “added in proof 1” in [3, p. 3601): 
PROPOSITION 2.3. Let P be projective, and let s E S. Then Ps is small in 
P if and only ifs is in the Jacobson radical J(S) of S. 
ProoJ: Let s E J(S) and P = Ps + V for a submodule V of P. Then we 
have S = Ss + P by Lemmas 2.2 and 2.1. Since s E J(S) implies that Ss is a 
small left ideal of S, it follows that P= S and so V= PS = P. This shows 
that Ps is small in P. Conversely, suppose Ps is small in P. Let t be any 
element of Ss. Then Pt c PSs = Ps, so that Pt is also small in P. Since 
however P = Pt + P(l - t), it follows that P(1 - t) = P and therefore 
S( 1 - t) = S by Lemma 2.1. This implies that s is in J(S). 
Remark. The preceding proposition was also proved in Ware [7, 
Proposition 1.11. 
Let P be projective. As was observed in [7], JP is the Jacobson radical 
of P, i.e., the intersection of all maximal submodules of P. From this it 
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follows that JP contains all small submodules of P and every finitely 
generated submodule of JP is small in P. Now we define H= 2 
( = Hom,(P, JP)). Then H is a two-sided ideal of S. If s E J(S) then Ps is 
small in P by Proposition 2.3 and so Ps c JP, i.e., SE 25. Thus we know 
that J(S) c H. If P is non-zero then JP is a proper submodule of P by [ 1, 
Proposition 2.71, which implies that H is a proper ideal of S. 
PROPOSITION 2.4. Let P be projective. Then H = J(S) if and only if JP is 
small in P. 
Proof. Suppose H = J(S). Let P = JP + V for a submodule V of P. 
Then we have S = H + P = J(S) + p by Lemma 2.2. Since J(S) is a small 
left ideal of S, it follows that P= S and therefore P = PVC I/. Thus JP is 
small in P. Conversely suppose JP is small in P. Then if s E H, i.e., Ps c JP, 
then Ps is small in P and so s is in J(S) by Proposition 2.3. This shows that 
H=J(S). 
At this point, we have the opportunity to give a simplified proof of the 
following proposition, which was proved in Harada [2, Theorem 51 as well 
as in Ware [7, Theorem 4.21 and where P is called a local module if P is 
projective and every proper submodule of P is small in P, i.e., if P is 
projective and JP contains all proper submodules of P: 
PROPOSITION 2.5. A projective module P # 0 is a local module if and only 
if its endomorphism ring S is a local ring. 
Proo$ Suppose P is a local module. Let L be a proper left ideal of S. 
Let s be any element of L. Then Ss is also a proper left ideal of S and 
therefore Ps is a proper submodule of P by Lemma 2.1. Since P is a local 
module, Ps must be small in P and so s is in J(S) by Proposition 2.3. Thus 
we have L c J(S), which shows that S is a local ring. 
Suppose conversely S is a local ring. Let U be a proper submodule of P, 
and let V be a submodule of P such that P = U+ V. Then we have 
S = 0 -l- p by Lemma 2.2. Since U is a proper submodule of P, C? is clearly 
a proper left ideal of S. Since S is a local ring, this implies that 0~ J(S). 
Therefore we have S = J(S) -t F? But since J(S) is a small left ideal of S, it 
follows that P= S, which implies that V 2 Pf = P. Thus we know that 
every proper submodule U of P is small in P; i.e., P is a local module.. 
PROPOSITION 2.6. Let s E S. Then s E J(S) if and only if s E H and PIPS 
has a projective cover. 
Proof. If s E J(S) then s E H, since J(S) c H, and also Ps is small in P 
by Proposition 2.3, which means that P is a projective cover of P/Ps (with 
481/136/l-6 
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respect to the natural epimorphism P + PIPS). Suppose conversely that 
SE H and that P/Ps has a projective cover. Then, by Proposition 1.4, there 
exists a direct summand V of P which is a complement of P.S. Moreover, 
by Proposition 1.2, we can find a submodule U of Ps such that P = U 63 V. 
This implies that JP = JU@ JV and so JP n U = JU. Since s E H, i.e., 
Ps c JP, and U c Ps, it follows that U = JU. But since U is projective, 
this implies that U= 0 by Cl, Proposition 2.71. Thus we have V= P, i.e., 
P itself is a complement of Ps. This means that Ps is small in P, so s is in 
J(S) by Proposition 2.3. 
PROPOSITION 2.7. Let P be projective. Then JP is small in P if and only 
if PIPS has a projective cover for every s E H. 
Proo$ From the preceding proposition we know that, for an s in H, 
s E J(S) if and only if PIPS has a projective cover. Therefore it follows in 
particular that H = J(S) if and only if PIPS has a projective cover for all 
s E H. But the condition that H = J(S) is equivalent to the condition that 
JP is small in P by Proposition 2.4. Thus our proof is completed. 
Now let P = U + V with submodules U and V of the projective module 
P. Then S = 0 + p by Lemma 2.2, which implies that there are s E 6 and 
t E p such that 1 = s f t and hence P= Ps + Pt. Since Ps c U, we have 
P= U + Pt. Since furthermore, Pt c V, we conclude that if V is a comple- 
ment of U then y is a principal submodule of P and moreover that V is 
a complement of U provided that there is no principal submodule v’ of P 
such that V’c V, I/‘# V, and P= U-t V’. 
PROPOSITION 2.8. Let U be a submodule of the projective module P and 
V a complement of U in P. Then V is a complement of U in S. Conversely 
if L is a principal left ideal of S and K a complement of L in S then PK is 
a complement of PL in P. 
Proof: Since P = U + V, we have S = 8 + p by Lemma 2.2. Let K be a 
principal left ideal of S such that KC P and S= 6+ K. Then it follows that 
PKc PVC V and P=PU+ PKc U+ PK, whence P= U+ PK. Since V is 
a complement 02 U, we have PK = V. Since K is a principal left ideal, we 
have then K = PK = k This shows that fl is a complement of 0. 
Next let L be a principal left ideal of S and K a zmplement zf L in S. 
Then K is also a principal left ideal. Thus we have PL = L and PK= K by 
Lemma 2.1. On the other hand, since S = L + K, we have P = PL + PK. Let 
V be a submodule of PK such that P = PL + V. Then we have 
S = fi + t= L + P by Lemma 2.2. Since however V c PK, whence 
PC fi= K, and since K is a complement of L, it follows that f= K and 
so VI PV= PK, whence V= PK. Thus PK is a complement of PL. 
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PROPOSITION 2.9. Let s be an endomorphism of the projective module P. 
Then PjPs has a projective cover if and only if S/Ss has a projective couer 
(as a left S-module). 
Proof. Let PJPs have a projective cover. Then by Proposition 1.4, there 
exists a complement V of Ps which is a direct summand of P, i.e., V= Pu 
with an idempotFt u E S. By the preceding proposition, P= SU is then a 
complement of Ps = Ss. Since SU is a direct summand left ideal of S, it 
follows again by Proposition 1.4 that S/Ss has a projective cover. Conver- 
sely suppose that SjSs has a projective cover. Then there exists a direct 
summand left ideal Su, u2 = u, of S which is a complement of Ss by 
Proposition 1.4. Then again by the preceding proposition, Pu = PSu 
becomes a complement of Ps = PSs. This implies that the direct summand 
Pu of P is a projective cover of PIPS. 
We now call a module P F-semi-perfect if P is non-zero projective and 
P/Ps has a projective cover for all endomorphisms  of P. Thus if P is 
F-semi-perfect hen by Proposition 1.1 every principal submodule of P 
has a complement in P; but in view of the fact that every complement 
in P is a principal submodule as well as the equivalence of (1) and (4) in 
Proposition 1.4, we see that the converse is also true for projective P. 
Now, according to Proposition 1.7, a ring R is an F-semi-perfect ring if 
and only if the factor module R/Ra has a projective cover for all a E R; i.e., 
the left R-module R is F-semi-perfect in the above sense. If we combine this 
fact with Proposition 2.9, we have immediately the following characteriza- 
tion of F-semi-perfect modules: 
THEOREM 2.10. A projective module P is F-semi-perfect zf and only if its 
endomorphism ring S is an F-semi-perfect ring. 
Let R be an F-semi-perfect ring, and let e be a non-zero idempotent of 
R. Then the subring eRe is also F-semi-perfect. For, let a be any element 
of eRe. Since R = R/J is regular, there exists an r E R such that 5% = 2; but ----- since ae = ea = a, we have aerea = a. Since ZZ is in &?, this shows that the 
subring Z&= eRe/eJe of R is a regular ring; here, as is well known, 
eJe = eRe n J is the Jacobson radical of eRe. On the other hand, if a E eRe 
is such that d is idempotent hen by Lemma 1.6 there exists an idempotent 
f E Ra such that f= a. Since ae = ea = a, it follows that fe =f, whence 
efef = ef2 = ef and Zf= &i = 3, which shows that 6 is lifted to the idempo- 
tent ef E eRe. From this fact the following is derived: 
PROPOSITION 2.11. Every direct summand #O of an F-semi-perfect 
module is F-semi-perfect. 
ProoJ: Let P be an F-semi-perfect module, and let U be a direct 
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summand #0 of P. Then U is projective and U = Pu for a non-zero 
idempotent u in the endomorphism ring S of P. Since S is F-semi-perfect 
by Theorem 2.10, the subring USU is also F-semi-perfect as seen above. But, 
as is well known, USU is isomorphic to the endomorphism ring of Pu = U. 
Thus, again by Theorem 2.10, U is F-semi-perfect. 
PROPOSITION 2.12. A projective module P is indecomposable and F-semi- 
perfect if and only if P is a local module. 
ProoJ As is well known, P is indecomposable if and only if its 
endomorphism ring S has no idempotents other than 1 and 0, while by 
Theorem 2.10, P is F-semi-perfect if and only if S is F-semi-perfect. It is 
however easy to see that a ring is a local ring if and only if it is an F-semi- 
perfect ring having no idempotent other than 1 and 0. Therefore our 
proposition follows from Proposition 2.5. 
PROPOSITION 2.13. Every projective pure-injective module is F-semi- 
perfect, and every indecomposable projective pure-injective module is a local 
module. 
Proof: If P is a pure-injective ( = algebraically compact) module then 
its endomorphism ring S is F-semi-perfect by [S, Theorem 9). Therefore 
if besides P is projective then it is F-semi-perfect by Theorem 2.10, 
and if moreover P is indecomposable then P is a local module by 
Proposition 2.12. 
Consider now the factor module P= P/JP for projective left R-module P. 
For each submodule U of P, we denote by 0 the image of U under the 
natural epimorphism P + p, i.e., o=(U+JP)/JP. Let SES be an 
endomorphism of P. Since JPs c JP, s induces modulo JP an endo- 
morphism S of P in the natural manner, and by associating s with S we 
have a ring homomorphism from S into the endomorphism ring S of p. 
But the projectivity of P implies that the homomorphism S-+ S is an 
epimorphism. It is obvious that the kernel of this epimorphism is H = Jp. 
Thus S can be identified with the factor ring S/H. On the other hand, since 
Jp= 0, P can be regarded as a left module over R = R/J in the natural 
manner and the R-module P is projective, as can easily be seen. 
As is well known, there is a one-to-one correspondence between direct 
decompositions P = U@ V of P and idempotents u E S such that u is the 
projection P-* U (with respect to the decomposition) and conversely U, V 
are characterized by U = Pu, V= P( 1 - u). The same, of course, holds 
between direct decompositions of P and idempotents of its endomorphism 
ring S= S/H, and in this case we have O= PU and P= P(i - 6). This 
shows that to the decomposition P = 00 P there corresponds the idempo- 
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tent ii. Thus we can conclude that a direct decomposition of P can be lifted 
to a direct decomposition of P if and only if the corresponding idempotent 
of S can be lifted to an idempotent of S. 
THEOREM 2.14. Let P be a projective left R-module. Then P is F-semi- 
perfect if and only if P satisfies the following three conditions: 
(a) JP is small in P, 
(b) % is a direct summand of P for every s E S, 
(c) Every direct decomposition of P can be lifted to a direct decom- 
position of P. 
ProojI Assume the condition (a). According to Proposition 2.4, this is 
equivalent to the assumption that H = J(S), whence S= S/J(S). It follows 
then from what we have observed above that the condition (c) is equivalent 
to the condition that every idempotent of S/J(S) can be lifted to an idem- 
potent of S. We shall moreover show that the condition (b) is equivalent 
to the condition that S= S/J(S) is a regular ring. Suppose first that S is 
regular. Let s E S. Then there exists a t E S such that Z,= S. It follows that 
% = p$G c PB c i??, whence I% = Pr5, and that iii5 = G, i.e., i5 is an idem- 
potent. Thus we know that pi is a direct summand of i? Suppose eonver- 
sely that P satisfies (b). Let s E S. Then E? is a direct summand of i? But 
since P is projective as a left module over R = R/J, p.Y is also projective and 
therefore the epimorphism S: P -+ p’s must split. This means that there 
exists a homomorphism h : FY -+ P such that SO h is the ‘identity map of I% 
Since & is a direct summand of p, h can be extended to an endomorphism 
i of p, so that B = So i is an extension of the identity map of &. Therefore 
if x is any element of P then we have x.3.. = xi, which means that $G = S. 
Thus the endomorphism ring S= S/J(S) of P is regular. 
We have thus seen that the conditions (a), (b), and (c) together imply 
that S is an F-semi-perfect ring and so P is an F-semi-perfect module by 
Theorem 2.20. Suppose conversely P is F-semi-perfect. Then P satisfies (a) 
by Proposition 2.7 and also S is an F-semi-perfect ring by Theorem 2.10 
again. Therefore we have both the conditions (b) and (c), as shown above. 
Thus our proof is completed. 
THEOREM 2.15. Let R be an F-semi-perfect ring. Then every finitely 
generated projective left R-module is F-semi-pt@ect. 
ProoJ: Let P be a finitely generated projective left R-module. Let s be 
an endomorphism of P. Then the homomorphic image Ps of P is a finitely 
generated submodule of P, so that P/Ps is finitely presented. According to 
[6, Satz 1.21, every finitely presented left R-module and hence P/Ps has a 
projective cover. Thus P is F-semi-perfect. 
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COROLLARY 2.16. For every positive integer n, a ring R is F-semi-perfect 
if and only if M,(R), the ring of all n x n matrices over R, is F-semi-perfect. 
ProoJ Let R” be the direct sum of n copies of R. Since R” is a finitely 
generated projective left R-module, it follows from the preceding theorem 
that if R is F-semi-perfect then R” is F-semi-perfect, and so its 
endomorphism ring M,(R) is also F-semi-perfect by Theorem 2.10. On the 
other hand, it is well known that, as a right module over M,(R), M,(R) 
is isomorphic to the direct sum of n copies of R” and hence R” is cyclic 
projective and moreover R is the endomorphism ring of R”. By (the 
leftFright analogies of) Theorems 2.15 and 2.10, we know that if M,(R) is 
F-semi-perfect hen R is F-semi-perfect oo. 
COROLLARY 2.17. Let P be an F-semi-perfect left R-module. Then, for 
any positive integer n, the direct sum P” of n copies of P is F-semi-perfect. 
ProojI Let S be the endomorphism ring of P. Then it is well known 
that the endomorphism ring of P” is isomorphic to M,(S). Since P is 
F-semi-perfect, S is F-semi-perfect by Theorem 2.10. Hence M,(S) is also 
F-semi-perfect by the preceding corollary. By again applying Theorem 2.10 
to the projective module P”, we know that P” is F-semi-perfect. 
Now a (not necessarily projective) left R-module P is called a generator 
if R is a sum of the homomorphic images of P in R, or equivalently, if 
every left R-module is a sum of homomorphic images of P in it. 
THEOREM 2.18. Let R have an F-semi-perfect generator. Then R is an 
F-semi-perfect ring. 
ProoJ: Let P be an F-semi-perfect generator and S the endomorphism 
ring of P. Then 5’ is an F-semi-perfect ring by Theorem 2.10. On the other 
hand, according to Morita [5, Lemma 3.31, P is finitely generated projec- 
tive as a right S-module and R is its endomorphism ring. Therefore the 
right S-module P is F-semi-perfect by Theorem 2.15 and so R is an F-semi- 
perfect ring by Theorem 2.10 again. 
Remark. Another proof of Theorem 2.18 is obtained by applying 
Corollary 2.17 and Proposition 2.11 to the fact that a module P is a 
generator (if and) only if R is isomorphic to a direct summand of P” for 
some integer n > 0. 
THEOREM 2.19. Let F be a free left R-module with an infinite free basis. 
Then F is F-semi-perfect if and only zy R is left perfect. 
ProoJ The “if’ part is trivial, because the fact that R is left perfect 
implies that every left R-module has a projective cover [l, Theorem P]. 
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We therefore need only to prove the “only if” part. If we choose a count- 
ably infinite subset of the infinite free basis of F then it generates a free 
submodule of F, which is a direct summand of F and hence F-semi-perfect 
by Proposition 2.11. Thus we may assume that F has a countably infinite 
free basis x1, xX, . . . . Let a,, a,, . . . be any sequence in R. Let yi = xi- a,x,- 1 
for i= 1, 2, . . . . and let G be the submodule of F generated by yl, y2, . . . . 
Then the factor module F/G is flat by [1, Lemma 1.11. On the other hand, 
there clearly exists an endomorphism s of F such that xis= yi for 
i = 1, 2, . . . . so that Fs= G. Since F is F-semi-perfect, FJFs = F/G has a 
projective cover. By Miller’s theorem [4, Lemma 1.21 that every flat module 
having a projective cover is projective, it follows that F/G is projective, or 
equivalently, G is a direct summand of F. According to [ 1, Lemma 1.31, 
this implies that the descending chain a, R 2 a, a2 R 2 . . I terminates. Since 
this is true for every sequence a,, u2, . . . in R, we conclude that R satisfies 
the descending chain condition on principal right ideals, with is however 
equivalent to the left-perfectness of R by [l, Theorem P]. 
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